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A Note on Enumerable Grammars 
~TONI  Wo M~kZURKIEWICZ 
Instytut Maszyn Matematycznych, Warsaw, Poland 
A concept of a generMized grammar with an enumerable set of 
productions i  introduced. Some of the generalized grammars, called 
"o~-regular grammars", are considered. The recursiveness of lan- 
guages generated by ~-regular grammars i proved. 
The problem of the recursiveness of languages generated by grammars 
with an enumerable alphabet and an enumerable set of productions is 
one of the problems arising as a result from the Draft Report on the 
Algorithmic Language ALGOL 68 (van Wijngaarden, ed., 1968). The 
method applied for the syntax description of the proposal of ALGOL 
68 is based on a grammar where the enumerable set of productions is 
represented by means of finite number of production schemes containing 
some "meta-notions" expandable by suitable rules into enumerable set of 
"notions". I t  has been proved (Sintzoff, 1967) that, in general, the 
language generated by a grammar of this type may not be recursive. 
The aim of this paper is to find such a family of enumerable grammars 
that each language generated by any of these grammars i reeursive. The 
formalism described by the authors of the Report is not used in the 
present paper; to represent a notion the variable with an index running 
over some enumerable set of integers is used. 
DEFINITIOZ~ 1. The generalized grammar is the 4-tuple G = (V, T, R, ~) 
where V is an enumerable set of letters vk,/¢ = 1, 2, .. • ; T is a recursive 
subset of V; R is a recursive set of ordered pairs (x --+ y) where either 
x C V - -  T, yE  V* - -  {e},orx =¢,y  = e, e is a null string; ~ is an ele- 
ment of V -- T. We write x ~a y if there exist p, q E V* and (u---> t) ~ R 
such that x = puq, y = ptq. We write x ~a*  y if there exists a sequence 
(xo, xl, - . .  , x~) with n >_- 0 such that x0 = x; xi-1 ~ xl for i = 1, 
2, . . - ,n ;x~ = y. The setL (G)  = {x :z~a*xandx  E T*} is the 
language generated by G. 
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Example 1. The 4-tuple H = (V1, T1, R1, ~1) where 
V~ = {v~:i = 1, 2 , . . .} ,  T~ = {v2, v~, v4}, 
R~ = { (v~ ---> V~k-~V3kV~k+~), (V~+~  V3k-3+~):i = 2, 3, 4; k = 1, 2, "--}, 
0"1 = Vl 
is the generalized grammar. The 4-tuple J = (V2, T2, R~, ~2) where 
V~ = {vl,  v~, v3, v,}, T~ = {v~, v3, v~}, 
R~ = { @1 ---) v2kv3~v4 k):k = 1, 2, . . .} ,  ~2 = Vl 
is the generalized grammar with the finite set of letters. The languages 
L(H)  and L( J )  are identical with the set {v~vs~v4~:k = 1, 2, . . .} .  I t  
follows from Definition 1 and Example 1 that the set of context-free 
languages (e.g. Ginsburg, 1966) is a proper subset of a set of languages 
generated by generalized grammars. 
DEFINITION 2. Let z C V*. The length l(z) of z and the weight w (z) 
of z are defined as follows 
l(~) = o, w(~) = o, 
z(v~) = 1, w(v~) = k, 
l(xy) = l(x) + l(y), w(xy) = max {w(x), w(y)}. 
DEFINITION 3. A generalized grammar G is said to be co-regular if 
(a). There exists a recursive function bo(x), x E V*, bo(x) >= O, 
such that if (vk --* x) E R then k ~ ba(x). 
(b). There exists an integer so -> 0 such that if (vk -~ v~) E R and 
k ~ so thenm>= k. 
Example 2. The grammar H in the previous example is co-regular with 
b, (x) = w (x) -t- 3, s~ = 0. The grammar J is also co-regular with 
b~(x) = 1, s~ = o. 
LEMMA I. I f  G is co-regular then there exist recursive, nondecreasing 
functions f o (k, d ), go (k ) defined and with values on the nonnegative integers 
such that 
(1) I f  x ~o Y then w(x) <= fo(w(y), l(y) ) 
(2) I f  x ~o* Y and l(x) = l(y) then w(x) <= go(w(y) . 
Proof. Since x ~o y we have x = apb, y -- aqb for some a, b E V*, 
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and (p --~ q) ~ R. From Definition 2 it follows that  w(x)  = max {w(ab), 
w(p)}, w(y)  = max {w(ab), w(q)}. 
(1). Let  us define b o* (k, d) -- max l bo (x ) :w (x) =< k, l (x)  <= d} and 
let fo(k, d) = max/k ,  bo* (k, d)}. The funct ionfo(k,  d) is nondecreasing. 
By  Definition 3 we have 
w(x)  = max {w(ab), w(p)} _-< max {w(ab), bo(q)} 
=< max Iw(ab),  ba* (w(q),  /(q) )} 
<= max { w (aqb), ba* (w (aqb), l (aqb) )} 
= max {w(y), bo* (w(y) , / (y ) )}  = fo (w(y) ,  l (y) ) .  
(2). Let  us define go(k) = max [k, so}. Since l (x)  = l (y)  we have 
l (p) = l (q) = 1. F rom Definition 3 it follows that  if w (p) ~ sa then 
w (p) _<- w (q). Anyhow w (p) -<_ max { w (q), so}. Hence 
w (x) = max { w (ab), w (p)} ~ max { w (ab), max { w (q), so} } 
= max {max {w(ab), w(q)}, so} = max Iw(y) ,  so} = gG(w(y)) .  
Thus if x ~ y then w (x) < go (w (y)) .  By induction, this relation holds 
$ 
also for x ~o y because go (go (k)) = go (/~). 
LEMMA 2. I f  G is w-regular then for all y C V* the set Zo(y)  = 
{x:x ~o*  y} is recursive. 
Proof. The set Zo (e) is obviously recursive. If  x ~o*  y and y ~ e then 
there exists a sequence (x0, y0, xl,  yl,  " " ,  xm, y,~), 0 < m <= l(y),  
with the following properties: 
XO~X 
x~o Y~ andl(x~) = /(y~), i = 0 ,1 , . - - ,m 
y i~oX~+l  and l (y  0 < l(xi+l), i = 0, 1, . - . ,m-  1 
y,~ = y. 
From Lemma 1 we have 
w(x0  =< go(w(y~)) i = 0,1,  - . . ,m 
w(yO <= fo(w(xi+l),  l(xi+l) ) i = O, 1, . . .  , m -- 1 
therefore, because fo and go are nondecreasing 
w(xO <= go(fo(w(x~+~), l(x~+~) ) ) i -~ O, 1, . . . ,  m -- 1 
w(z~)  <= g(7(w(y) . 
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Collecting these inequalities together we obtain 
w(x) <= Fa(y, m) 
where Fa (y, n) is a nondecreasing function of the second argument, de- 
fined by equations 
f ~(y, O) = gG(w(y) 
F~(y, n + 1) = g~(fo(FG(y, n), l(y))) 
Because m =< l (y) we have F~ (y, m ) =< F~ (y, 1 (y) ). Denoting Fa (y, l (y) ) 
by B~ (y) we obtain the following, effectively computable, bounds for x: 
w(x) <= Ba(y). 
l(x) <= l(y). 
The number of such bounded strings is finite for all y E V* and from 
recursiveness of R it follows that Z~ (y) is recursive. 
THEOREm. I f  G is ~-regular then the language L (G) is recursive. 
Proof. The set L (G) can be redefined as follows: 
L(G) = {x:~C Za(x) and xC T*} 
By Lemma 2 Zo(x) is recursive for all x C V*, and T* is recursive by 
Definition 1. Hence L (G) is recursive. 
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